It is known that the exact analytic solutions of wave scattering by a circular cylinder, when they exist, are not in a closed form but in infinite series which converges slowly for high frequency waves. In this paper, we present a fast numerical solution for the scattering problem in which the Boundary Integral Equations, reformulated from the Helmholtz equation, are solved using a Fourier spectral method. It is shown that the special geometry considered here allows the implementation of the spectral method to be simple and very efficient. The present method differs from previous approaches in that the singularities of the integral kernels are removed and dealt with accurately. The proposed method preserves the spectral accuracy and is shown to have an exponential rate of convergence. Aspects of efficier" implementation using FFT are discussed. Moreover, the boundary integral equations of combined single and doublelayer representation are used in the present paper. This ensures the uniqueness of the numerical solution for the scattering problem at all frequencies. Although a strongly singular kernel is encountered for the Neumann boundary conditions, we show that the hypersingularity can be handled easily in the spectral method. Numerical examples that demonstrate the validity of the method are also presented.
INTRODUCTION
The exact analytic solutions of wave scattering by a circular cylinder, obtainable for simple incident waves, are not in a closed form but in infinite series of Bessel and Hankel functions of increasing orders. Such solutions converge slowly, especially for high frequency waves, which render their numerical evaluation inefficient. This paper presents a fast numerical solution of wave scattering that only requires the computation of Bessel and Hankel functions of order zero. Furthermore, the numerical solution is valid for any form of the incident waves of all frequencies.
When developing numerical solutions, wave scattering problems are often conveniently formulated in Boundary Integral Equations (BIE) 1 In this paper, we develop a Spectral Method of solving the Boundary Integral Equations, reformulated from the Helmholtz equation, for numerical solutions of wave scattering by a circular cylinder. Previously, for this special geometry, a "fast numerical method" based on the Fourier approximations has been formulated by Bojarski 3 , who pointed out that the boundary integral equation of wave scattering can be solved easily and efficiently in the Fourier spectrum domain of the solution. Due to the simplicity of the geometry, an explicit relation between the Fourier coefficients of the solution 0 0 and those of the boundary condition was found. It was argued that the numerical vilability__d.
1 Iya IA ' ' , Specil• approach was more efficient than directly evaluating the infinite series of the exact solutions. Indeed, the exact solutions contain Bessel and Hankel functions of higher orders whose numerical evaluation is more difficult and costly as the order increases.
Recently a similar approach has been used and extended by Schuster 4 for a wave transmission problem of concentric cylinders.
In the present paper, we point out that the numerical formulations given previously are not achieving the optimal accuracy of the Fourier spectral methods. It is known that, although any periodic function can be approximated by a truncated Fourier series, the rate of convergence of such an approximation depends on its smoothness.
Unfortunately, the integral kernels for the Helmholtz equation are not smooth. In particular, the 2-D Green's function of the Helmholtz equation, appearing in the integral equations, possesses a logarithmic singularity. Furthermore, the normal derivative of the Green's function also contains a term involving the logarithmic function. The nonsmoothness of the integral kernels, however, was not explicitly treated in the previous formulations. It will be seen that it is critical to remove the non-smoothness of the integral kernels in order to achieve fast convergence in the Fourier spectral formulation.
By a proper treatment of the singularities, the present numerical formulation yields accurate solutions with significantly fewer datum points. Moreover, the boundary integral equations of combined single and double-layer representation are used in the present paper. This ensures the uniqueness of the numerical solution for the scattering problem at all frequencies 1 , 5 . Although a combined layer formulation results in a strongly singular kernel for the Neumann boundary conditions, we show that the hypersingularity is handled easily in the spectral method.
In the next section, the formulations of the Boundary Integral Equations for wave scattering problems are given. Then, in sections II and III, the Fourier spectral methods for the Dirichlet and Neumann boundary conditions are presented. Numerical results are shown in section IV. Section V contains the conclusions. Some analytic results are also given in the Appendix. The use of a combined formulation ensures the uniqueness of the numerical solution for exterior problems 1 ,'. In (2), f(v') is an unknown layer distribution function and the Green's function G(F, r"), whose form will be given later, satisfies the following equation
I. BOUNDARY INTEGRAL EQUATIONS
Here the normal derivative 49 is assumed to be taken in the direction outward from the cylinder.
The Boundary Integral Equation associated with the layer representation (2) is 5 
The normal vector to be used in (4a) and (4b) is n = (cos 0, sin 0).
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The Green's function and its normal derivative are 5 ' 6 G= H,," (Kirr( 0 ) -frr(0'))= 0) (2ta sin 0 2' 0) in which we have used the fact that Ir-(0) -r-r(0')l = 2a Isin q-fL-It is important to note here that G and %G are functions of 0 -0'. As will be seen later, this allows the implementation of the Fourier spectral method to take a simple form.
We thus express the boundary integral equation (4a) for the Dirichlet boundary conditions as
and equation (4b) for the Neumann boundary conditions as
\ an'an On / For clarity, the dependencies on 0 and 0' have been expressed explicitly in (8a) and (8b).
In the next two sections, we give the numerical formulations of solving the integral equations (8a) and (8b) by a Fourier spectral method. Since different types of singularities are encountered, the two equations will be dealt with separately.
II. SPECTRAL METHOD FOR DIRICHLET BOUNDARY CONDITIONS

A. Formulation
Let the layer distribution function f(O) and the boundary condition b(O) be approximated by the truncated Fourier series as
where b4 are obtained by the FFT from prescribed boundary condition and f, are the unknown coefficients. In (9) and (10), the particular form of truncated Fourier series has been taken for the convenience of applying FFT programs.
Substituting (9) and (10) into the boundary integral equation for the Dirichlet boundary conditions (8a), we get
For simplicity, let
By equating the coefficients of ei'n', equation (11) is easily reduced to
It is seen that the integral appearing in (12) are related to the Fourier coefficients of •(x) and G(x). From (6) and (7) , it is also clear that both are periodic functions of 6 x, with a period of 2ir. Thus if we let G(x) and 8i•(x) be approximated by truncated Fourier series as Actually, the Fourier coefficients of G(x) and 8(X) can be found in exact form using higher order Bessel and Hankel functions. They are derived in Appendix A.
Nonetheless, the numerical evaluation of the exact expressions becomes more ineffective and costly as the order of the special functions increases. In what follows we give the numerical method that computes the Fourier coefficients g, and hn accurately and efficiently.
B. Computation of gn and hn
In general, the Fourier coefficients of a periodic function can be obtained efficiently by using a Fast Fourier Transform algorithm (FFT). However, the accuracy of the Fourier coefficients computed by the FFT using a given number of datum points depends on the smoothness of the function. Only when the function is infinitely smooth (i.e. infinitely differentiable), the error of Fourier coefficients computed by FFT decays faster than any power of 1/N, where N is the number of datum points. Such a convergence is often referred to as an exponential convergence and the method is said to have spectral accuracyi' 8 . Our aim here is to compute g. and hn by the FFT with spectral accuracy even though the functions G and Oi are not smooth.
In the numerical approaches proposed previously 3 ' 4 , the Fourier coefficients gn and hn were computed directly as the FFT of the G(x) and OG (x) respectively. However, the Green's function G(x) has a logarithmic singularity at x = 0, where 0 = 0', due to the Hankel function of order zero in (6), and its Fourier series converges at the rate of 1/N. Thus direct computation of gn from G(x) using FFT yields results whose accuracy is only comparable to a first order method. Furthermore, the function TnG(x) also has a non-smooth derivative at x = 0, and its Fourier series converges at the rate of 1/N 3 . Thus direct computation of hn from -(x) is only comparable to a third order method. Alternatively, as will be shown below, by properly treating the non-smoothness of G(x) and Oi (x), g, and h. are computed with spectral accuracy.
To examine the singularity of G(x), we note that
in which J 0 and Y 0 are the zeroth order Bessel functions of the first and second kind, respectively. Using the asymptotic series for small arguments, we have 9 z 2 z 4
It follows that, for kxl small,
in which O(x 2 ) represents a power series in x 2 , and -y is the Euler's constant, 7 = 0.577215.... To compute the Fourier coefficients of G(x) efficiently and accurately, we note that the Fourier series of the logarithmic periodic function In (tca Isin LI) in (17) is 6:
Thus we can "subtract out" the singularity in G(x) by forming
and then writing the Green's function as
It is easy to see that ?(x) is finite for all values of x. Furthermore, both G(x) and J0 (21ca jsin 11) in (19') are periodic and infinitely differentiable. Thus their Fourier coefficients can be computed with spectral accuracy using FFT. The Fourier coefficients of the Green's function G(x), gn, will be computed according to (19') where the term involving the logarithmic function is computed by using convolution sums.
We now study the non-smoothness of the normal derivative of the Green's function 8G-(x). The asymptotic series of the Bessel functions of first order for small argument For this reason, its Fourier approximation will converge only at the rate of 1/N 3 .
The Fourier coefficients of -, however, can be found easily using the relation to gn given in Appendix A. In particular, we have
n T-_2n = Thus it is only necessary to compute g9, the Fourier coefficients of G(x).
C. Fast Fourier Transforms
The numerical implementation of computing g, by (19') is given in this subsection.
Let us introduce Fourier collocation points
For convenience of discussion, denote the following Fourier series approximations In addition, we denote (18) as 00 n=-oo whereao0=n ea and an-forn50.
( 2 -2 I -n Then, by (19'), the Fourier coefficients of G(x) is computed as
where Un is the convolution sum :
m=--N/2
We note that the convolution sums in (24) require N multiplications for each un.
Thus the total operations for the convolution sums are of order O(N 2 ). This cost can be reduced considerably to O(N log 2 N) by the use of a pseudospectral transformation method with de-aliasing techniques',s. For completeness, evaluation of (24) with a "padding" de-aliasing technique is given in Appendix B.
III. SPECTRAL METHOD FOR NEUMANN BOUNDARY CONDITIONS
We now discuss the Fourier spectral method for the Boundary Integral Equation where bn are the Fourier coefficients of the specified Neumann boundary condition.
Again the integral appearing in equation (25) is directly related to the Fourier coefficients of Gand . It is easy to find that the Fourier coefficients of O-are the same as those of n, already given in the previous section as h,. The apparent difficulty here is with the second normal derivative of the Green's function 820 . It can be shown that this function is strongly singular at x = 0 and, indeed, is not integrable in the ordinary sense. Fortunately it can also be shown that the integral with the second normal derivative can be transformed into one involving tangential derivatives with reduced singularity. In particular, we have 10
O -n--nn ao =a 0 a -90' 10 10 where yand represent tangential derivatives on the boundary.
The right hand side of (26) is now integrable in the sense of Cauchy Principal Value.
To show this, we only need to note that by the expression of the Green's function given in (6) The integral in (30) will now be evaluated through the Fourier coefficients of each term.
For the first term, the Fourier coefficients of 8G are obtained from the relation
where gn are the Fourier coefficients of G(x) by (13).
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The Fourier series approximation of the second term in the integral of (30) can also be found using g. since we have where g., §n and hn are computed by (23), (33), and (21), respectively.
We point out, however, that §, as given by (33) and, indeed, hn of (21), are not exact for n = -N/2 and N/2 -1, owing to a truncated series of G(z) in the computation. Whereas it is possible to compute these two coefficients exactly, the resulting error in the last two coefficients of fn is negligible because bn, in the numerator, decays exponentially as for smooth boundary conditions. That is, fn for n = -N/2 and The above integral can be easily evaluated directly using FFT, since the Green's function has no singularity for points lying outside of the boundary. The details are omitted here.
For plane incident waves, exact solution is given by infinite series of the Bessel and
Hankel functions 6 . Our purpose here is to demonstrate the exponential rate of convergence of the numerical solutions. We emphasize again that the numerical formulation applies to any form of the incident waves. Due to its simplicity, a sample FORTRAN program is listed in Appendix C.
In numerical calculations, the radius of the cylinder, a, is taken to be 1 and also Yj= 1. Computations for xa = 1, 10 and 100 have been carried out. In Tables I to   IV , numerical values of the layer distribution function f(0) and the scattered function 4 at far field are given for selected points in space. Exact values at far field are also shown in the tables. Clearly as the number of Fourier collocation points increases, the numerical solution converges exponentially fast. Significant improvements in accuracy are observed with relatively small increase of the number of datum points. This is often true for spectral methods in general. The error decreases dramatically when the number of points is large enough to resolve the basic features of the solution.
The corresponding layer distribution function f(O) is plotted in Figures 1 to 6 for the Dirichlet and Neumann boundary conditions for ia = 1, 10 and 100. These 
APPENDIX
A. Exact expressions of g. and h.
In this appendix we derive the exact analytic expressions for the Fourier coefficients of G(x) and O(x).
It can be shown that, e.g. by ( _. 
